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DP algorithm for SAT Solving (Martin Davis - Hilary Putham 1960)

1. Start with Foyp

2. For every clause C in F - that either contains both [ and =/ or has pure literal do:
1. Fonp < remove_ from_ formula(C, Fqyr)

3. If Feyp is empty
1. Return SAT

4. If Fyrhas empty clause then

1. Return UNSAT

5. Pick a literal [ that occurs with both polarities in F-y .
1. Fonp < Resolution(C, [, Fryr)

6. For every clause C that contains /or =/ do:

1. Fonp < remove_ from_ formula(C, Fyr)
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F=(pVvgANpVqgA(pVr)A(-pVr)
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\ Pick literal g

(r) AN (rv-r) A (nrvr) A (r) *remove clauses with [/ Vv —/

(r) A (—r) Pick literal r

F has empty clause — UNSAT

[ ]



DP algorithm

F=(pVvgVvr)AN@V-rV-as)A(mgVs)A(pVs)



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)

et

(gVrV-as)yA(@Vrv-as)A(ogVs)

(rv-asvs) A(rV-asvs)

()

Empty Formula, return SAT



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)

/ * No pure literal, no clause with [ Vv =/

(gVrV-as)yA(@Vrv-as)A(ogVs)

(rv-asvs) A(rV-asvs)

()

Empty Formula, return SAT



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)

*No pure literal, no clause with [ v =/
Pick literal p

(gVrV-as)yA(@Vrv-as)A(ogVs)

(rv-asvs) A(rV-asvs)

()

Empty Formula, return SAT



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)

*No pure literal, no clause with [ v =/
Pick literal p

(gVrVas)A(@V rV-as)A(7gVs) * No pure literal, no clause with [ Vv =/

(rv-asvs) A(rV-asvs)

()

Empty Formula, return SAT



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)

*No pure literal, no clause with [ v =/
Pick literal p

(gVrVas)A(@V rV-as)A(7gVs) * No pure literal, no clause with [ Vv =/

/ Pick literal g
v4/v

(rv-asvs) A(rV-asvs)

\4

U

Empty Formula, return SAT



DP algorithm

F=(pVvgVvrnA@V-rVvas)A(mgVs)A(opVs)
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F=(pVAPV2g9 A(pVIr)A(pVr) A-p

p hasto take value O, (mp vV r) A (mp V —r) are True

Can we remove all clauses that have —p?

(7P) APV q) Zar ¢
(7p) APV 7q) Egar G



Unit Propagation

While F contains a unit clause (/) do:

For every clause C in F that has / do:

Fnp < remove_ from_ formula(C, F ~yr)

For every clause C in F that has =/ do:

Fnp < remove_ from_ formula(C, F ~yr)
Fonp < add_to_ formula(C\ ~L, Foyp)



DP algorithm for SAT Solving (Martin Davis - Hilary Putham 1960)

1. Start with Fyr

2. For every clause C in F - that either contains both [ and =/ or has pure literal do:
1. Foyp < remove_ from_ formula(C, Fyr)

3. Feyp < UnitPropagation(fqyr)

4. It Foyp is empty
1. Return SAT

5. If F-yrhas empty clause then

1. Return UNSAT

6. Pick a literal [ that occurs with both polarities in Fopp .
1. Fonp < Resolution(C, [, Fryr)

7. For every clause C that contains [ or =/ do:

1. Feyp < remove_ from_ formula(C, Foyp)



DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

Complete and Sound algorithm & takes linear space in worst case.

Still the basis of SAT solver

zChaft Solver — efficient implementation of DPLL.

Won test of time award at CAV 200i.



Notations

Partial Model: subset of elements of Vars(F) maps to {0,1 }

Under partial model m,

A literal [ is True it m(l)=1

A literal [ is False it m(/) = o

Otherwise:

[ is unassigned.
Example: FF'= (x; VX, Vx);m= {x; = lx3— 1}

x; is True, x, is unassigned, x; is False.
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Notations
Partial Model: subset of elements of Vars(F) maps to {0,1}
Under partial model m,

Fyr is Trueif for each C € Fnp, Cis True.

F-yrisFalseif thereisa C € Fyrsuch that Cis False

Otherwise:

F -y is unassigned.

Unit Clause (updated): C'is a unit clause under partial model m if there is exactly
one literal / in C which is unassigned, and rest all literals of C are False.

Example: C = (x; V 7x; V 7x,);m = {x; = 0,x, = 1} C isunit clause under m.
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DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

F=(x V%) A(X VXV x)

Initially m is &

Pick a variable, say x;, and assign it a Boolean value, say 1. Partial model m = {x; — 1}
C, : (x; Vx,) unassigned.
C, : (7x; V X, V x3) unassigned.

Pick another variable, say x;, and assign it a Boolean value, say 0.

Partial model m = {x; = Ox; = 1}

C; : (x; Vx,) Unit clause, forced decision (x, — 0)
C2 : (—le V X9 V _IXB) True.

m=1{x; = 0x,—>0x;—1l}andmF F



DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

1. Maintains a partial model, initially &

2. Assign unassigned variables either O or 1
1. (Randomly one after the other)

3. Sometime forced to make a decision due to unit clause

What to do if F'is False under partial model m?
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Backtracking

F — (_'Xl V _'X2v _'X3) AN (_'.X3 VX2) AN (_'X3 V.xl)

A3 <« decision variable
Pick a variable, say x5, and assign it a Boolean value, say 1.

Partial model m = {x; — 1}

X, Propagated
variables

\I,CZ
A /

Contlict, C; False

(7x3 V X5) A (7x3 V x;) — unit clauses
Backf
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Backtracking

F — (_'Xl V _'X2v _'.X3) AN (_'.X3 VXZ) AN (_'X3 Vxl)

A3 <« decision variable
Backtrack to last decision, and change the polarity. V

Partial model m = {x; — 0}
True

All clauses are True, hence F is True



DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

DPLL(F,m = @){
1. If Fis True under m then Return SAT

2. If Fis False under m then Return UNSAT

3. If thereis a unit literal / under m then Return DPLL(F, m|[ — 1])

4. If there is a unit literal =/ under m then Return DPLL(F, m|[ — 0])
Choose an unassigned variable p, and random bit b € {0,1}

5. WDPLL(F, m[p — b])==SAT then Return SAT
Else Return DPLL(F, m[p — 1 — b])



DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

DPLL(F,m = @){
1. If Fis True under m then Return SAT

2. If Fis False under m then Return UNSAT Unit Propagation

3. If thereis a unit literal / under m then Return DPLL(F, m|[ — 1]) ,{/
4. If there is a unit literal =/ under m then Return DPLL(F, m|[ — 0])

Choose an unassigned variable p, and random bit b € {0,1}
5. W DPLL(F,m|[p — b])==SAT then Return SAT
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DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

DPLL(F,m = @){
1. If Fis True under m then Return SAT Backtracking at
conflict

». If Fis False under m then Return UNSAT «~ Unit Propagation

3. If thereis a unit literal / under m then Return DPLL(F, m|[ — 1]) ,{/
4. If there is a unit literal =/ under m then Return DPLL(F, m|[ — 0])

Choose an unassigned variable p, and random bit b € {0,1}
5. W DPLL(F,m|[p — b])==SAT then Return SAT
Else Return DPLL(F, m[p — 1 — b])



DPLL algorithm (Davis -Putnam-Logemann-Loveland 1960)

1. Maintains a partial model, initially &

2. Assign unassigned variables either O or 1
1. (Randomly one after the other)

3. Sometime forced to make a decision due to unit clause

DPLL run consists of
* Decision
* Unit propagation

* Backtracking
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C,=(7p;Vp,)

C, = (7p; V3V Ps) Ps

0 .
C;=(7p,Vpy) / decision variable
Cy = (7p3V py) 0 Ps propagated
Cs=(p;VpsVp,) ’ % variables
Co = (P2 V P3) o b
C7=(pVp3Vpy) /

Cs = (Pg V 1D5)

nflict, C .
N Coniics, C,



C,=(p; VD)

C, = (7p; V3V Ps) Ps
Cy = (7pyV py) /
Cy = (7p3V py) Ps
Cs=(pVPsV D) o,&/

Co = (P2 V D3)
C7 = ( PV pyV p7) ‘.
Cg = (P V 7Ds)

Conflict, C

AN Conflict, C,

decision variable

propagated
variables



CDCL: Conflict Driven Clause Learning

An optimization of DPLL:

As we decide and propagate, we can observe the run, and
avoid unnecessary backtracking.
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CDCL: Conflict Driven Clause Learning

An optimization of DPLL:

As we decide and propagate, we can observe the run, and
avoid unnecessary backtracking.

Construct a data structure to avoid unnecessary backtracking.

Implication Graph.
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C;=(p VP

C, = (=P VPp3Vps)
C3=(7pyV py)

Cy = (7p3V py)

Cs = (P VDpsV p))
Co = (P V P3)

C; =PV p3Vpy)
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Assign decision level at every node in implication graph
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CDCL: Conflict Driven Clause Learning
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CDCL: Conflict Driven Clause Learning

1. UnitPropagation(m, F): applies unit propagation and extends m.

2. Decide(m, F): choose an unassigned variable in m and assign it a Boolean value.

3. ClauseLearning(m, F): returns a conflict clause learned using implication graph, and a
decision level upto which the solver needs to backtrack.
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