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Mathematical model of the system: specification of the property/problem:

* Boolean logic, First Order Logic (FOL), Linear Temporal Logic (LTL),
Computational Tree Logic (CTL)

* Tools to check if the model satisfies the property.



Theorem: For any integers m and n, if m and n are odd, then m+n is even

Try to prove/disprove this theorem.

How do we formalize the definitions and reasoning we use in our proofs?

Propositional Logic: reasoning about Boolean values

This week: First Order Logic: reasoning about properties of multiple objects.



What is Logic?

A formal logic is defined by syntax and semantics.
Syntax:
* An alphabet of symbols.

* A finite sequence of these symbols is called expression

* A set of rules defines the well-formed expression.

Semantics:

* Gives meaning to well-formed expressions



Propositional Logic

TakeML v TakeFM

~FirstSucceed — TryAgain

IsWinter A [sSnow

Propositional Variables — TakeML, TryAgain,

. Propositional Connectives— =, V , A
IsWinter,...

Links propositions into larger
Each Proposition variables stands for a propositional

proposition, something that is either True

or False



Propositional Logic: Syntax

Left parenthesis

Right parenthesis
Logical Symbols: The meaning of logical symbols is always

the same.

(

)

' Negation

AN Or

V And

—  Condition

< Bi-Condition

P} Propositional variables
Non logical Symbols/Propositional Symbols:

The meaning of nonlogical symbols
depends on the context.
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Propositional Logic: Syntax

Expression is a sequence of symbols.

(Py APy, ((mP)VPEF,), ) < )P

We defined the set W of Well-Formed Fromulas (WFFs) as follows:

1. Every expression consists of a single proportional symbol is in W.

2. IfaandfareinW, so are
(ma),(aV p),(aAp),(a—= p)(a< p)

3. No expression is in W unless forced by (1) and (2).

This definition is Inductive: the set being defined is used as part of definition.



Exercise-1: Propositional Logic

How would you use the definition of WFFs to prove that )) < )P is not a WFF?

Prove that any WFFs has the same number of left parentheses and right parentheses?

How do we parse the following:

D —>gVr—>pVgAz



Notational Conventions

» Larger variety of propositional symbols: A, B, C, p, p»,p,q, 7, @,

» Outermost parentheses can be omitted: p V g instead of (p V @)

* Negation symbol binds stronger than binary connectives, and its scope is as small as
possible:

pVg=((—p)Vg)
« { Vv, A }bind stronger than{ — , « }, for example:
pAg—=rVs=((pAg) = (1) Vs))
* All operators are right-associative.

How do we parse the following:

p—=>gVr—->pVgAz=((7p) > W(gVr)—>(pV(gAZz)))



Propositional Logic: Semantics

Intuitively, given a WFF a and a value (either T or F) for each propositional symbol in a, we
should be able to determine the value of «.

F=({(pVvqVr) F is True

p=14g=0,r=90

F is called propositional Formula.

A mapping for assigning propositional variables to either o and 1, and
evaluating F under that mapping.



Propositional Logic: Semantics

* 7 isa function that maps proposition variables of a propositional formula to {o0,1}.

F=((pVqgVr)
t:{p— 1,g—~0,r— 1}

We call 7 a truth assignment.

» How many such 7 (truth assignments) can exists? ~ 2Veriables()

o tsatisfies formula F if and only if F(7) is1,

O OO OO0

such a 7 is called satisfying assignment

F(z): (1vOvl)=1

 We use 7 F F to represent.
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Propositional Logic: Semantics

* If there exists a 7 such that 7 F F, we say that F is satisfiable.

F=((pvgvr :{p—1l,g-0,r—1} Fissatisfiable

o If for all 7 in 2V¥ablestt)  F(r) s 1, then F is valid.

IsF=(pVgqg)Vr)isvalid? IsF = (pV p)isvalid?

» If there does not exists a 7 in 2"4%@lestE) gych that F(7) is 1, then F is unsatisfiable.

IsFF= ((pV qg)V r)is unsatishable? Is - = (p A —p) is unsatisfiable ?
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Propositional Logic: Semantics

 Set of all satisfying assignment of F is called models. models(F) = {t|F(r) = 1}
Models(~F) = {2"¥blesy \ Models(F)
Models(F v G) = Models(F) U Models(G)

Models(F AN G) = Models(F) N Models(G)

* Equivalent formulas: Two formulas F and G are considered to be equivalent to

each other if and only if they both have same models, that is, if
Models(F) = Models(G), F = G.
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Exercise-2: Propositional Logic

Determine whether the following formulas are satisfiable, unsatisfiable, or valid:
PV g A(pVgq)

PV@POA(pVg) AP < g)
0.p > q} Fq

Given n proportional variables, how many Boolean functions B(py, p,, ..., p,)
can be generated?



Propositional Logic: Semantics

Suppose 2 is a set of WFFs, then 2 E a, if every truth assignment which satisfies each
formula in 2 also satisfies a.

To check whether {f,, />, ..., B, } E @, check the satisfiability of (f; A f,... Af,) A (D).
[f unsatishable, then {5, f,, ..., 0.} F a.



Determining Satisfiability

To check whether a is satisfiable, form the truth table for a. If there is a row in which True
appears as the value for a, then a is satisfiable. Otherwise, a is unsatisfiable.

What is the complexity of this algorithm?

2" where n is the number of propositional symbols.

How to check the validity of a formula a?

If =ais unsatisfiable then « is valid.



If formula is SATisfiable, gives an satisfying

/ assignment

Boolean ——> SAT Solvers
/propositional
formulas

UNSAT



Conjunction Normal Form (CNF)

o = (x}v\xz)/\(—lxl V X3)

Clauses Literals : x{, 7xy, X5, 71X, X3, X3

SAT solvers takes

CNF: F=C,ACANCy...ANC
R " CNF formulas as input.

Where Ci — (ll\/lzv \/lk)
where [ = p; [, = —p

Where p is propositional variable
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Can every formula F can be represented in CNF form, say F -y z?
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Can every formula F can be represented in CNF form, say F-yz?

Yes, every F can be represented in F -y, such that F' = F o p

F=((x;Ax)V(x3Axy)) Canyouconvert Finto Fyz?

Fonp =@ VX)) A VX)) A(X VX)) A (X VX
F=((x; Axy) V(X3 Axy) V(x5 AXxg), Can you convert F into Fpp?
F=0xAy)V...V(x,AYy,),size of equivalent Fpz? 2"

In the worst case, it may take exponential many steps. | Canwe do better?
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Equisatisfiable Formulas

* F=(pVaA(-pVp) G =(aV/p)
F and G are Equisatisfiable. F is satisfiable if and only if G is satisfiable.

F=((x; Ax,) V (x5 Axy)) Canyou convert FFinto Fyz?
= X ATX))AE < (X3VX)) AV L)
=("HVEGATX))A(X VL V)ALV G AX)) A3V Xy VH)AWE V)
= (" VX)A(CHVY XD A(XVHOVE)A(TLVY X)) ALV XY A(TX3V X, Vi) AW VD)
= Fenr

F=0Ay)V...V(x,AYy,),sizeof equivalent F-yz? 2n+n+1
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Every formula F can be represented in CNF form, say F -y in polynomial time

such that F is satisfiable if and only if F-y is satisfiable.
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K-SAT

CNF: F=C,AC,AC;...ANC,
Where Ci — (11V12V Vlk)
where [ = p; [, = =p

Where p is propositional variable

If K = 2, then 2 — SAT. F = (xl V _'.XZ) N\ (X3 V X4)

IfK — 3, then 3 — SAT F — (Xl V _'.X2 VX3) A\ (xl V.X3 V.X4)
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Exercise-3: Propositional Logic

Can you convert 4 — SAT formula into 3 — SAT formula?

Can you convert 3 — SAT formula into 2 — SAT formula?
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