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Interpolants based Model Checking

Interpolants:  INGHICEHIBCIIGNANSST

Let A and B be two formulas suchthat:AABF L
then, there exists a formula 7 called Interpolant such that:

1.A —> 1
2. INBE L
3. Vars(l) C Vars(A) N Vars(B)

It acts as a kind of summary or abstraction of A relevant to the contradiction with B.

A=(pPVg A(pVr) B =-gA-r I=(qVr)



How to Compute Interpolants!

1. A A B are unsatisfiable.

SAT solver can return resolution proof!

All the initial nodes have in-degree 0. All internal nodes have in-degree 2.
Sink nodes has out-degree o.

Internal node v, with edges (v, v), (v,, v) implies that v is a resolvent of
Vi, Vo

A=(pVag A(TpVr)Ag B=(2gVr)A(@Vs)A-s



How to Compute Interpolants!

1. A A B are unsatisfiable. SAT solver can return resolution proof!

All the initial nodes have in-degree 0. All internal nodes have in-degree 2. Sink nodes
has out-degree o. Internal node v, with edges (v, v), (v,, v), vis a resolvent of v, v,

A=(PVagA(pVr)Ag B=(2gVr)A(G@Vs)A-s

AANB=(pVag A(mpVr)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s

7
\FA 1 / VC € Clauses(B), True

Clauses(B) doesn’t contribute to |

I A B E 1 will be taken care by internal nodes.



How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants!

=PV A(pVINAg  B=(2gVr)A(GVs)ATs

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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When pivot variable is B

Internal nodes will be “AND” of its both source nodes



How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s
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Internal nodes will be “AND” of its both source nodes _




How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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When pivot variable is A

Internal nodes will be “OR” of its both source nodes _




How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s
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How to Compute Interpolants!

A=pPVagA(pVIr)ANg B=(2gVr)A@Vs)A-s I=gA-r

AANB=(pV g AN(pVar)AgA(mgVTr)A(@GVs)A-s
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How to Compute Interpolants! McMillan interpolation algorithm (2003)

All the initial nodes have in-degree O. All internal nodes

L. ComPUte Resolution Proof of A and B have in-degree 2. Sink nodes has out-degree O.

: Internal node v, with edges (v{, v), (v,, V) implies that v is
2. Base case (input clauses): 1 2

It C € Clauses(A):

Ic — Cl(Vars(B))
It C € Clauses(B) :

[. = True

a resolvent of v, v,

3. Resolution step: Cis Derived by C, and C, over pivot x.
It x € Vars(B):

IC — ICI AN IC2
It x € Vars(A):

Interpolant of A,Bis I,

I =1 VI
1 2



Compute Interpolants

A=pPV@AN(-pVr)  B=—-gA-r



Compute Interpolants

A=pPV@AN(-pVr)  B=—-gA-r

pVq pVr (g r q r lrue True
q /< r q /< I
' -p r A True

p q /\ True
\ /
1



Compute Interpolants

A=pPV@AN(-pVr)  B=—-gA-r



Compute Interpolants

A=pPV@AN(-pVr)  B=—-gA-r

pVq pVr (g r q r lrue True
q /< r q /< I
' -p r A True

p q /\ True
\ /
1



Model Checking using Interpolants

Inductive invariant (/) for V[ ]p

1. [ mustinclude the set of initial states, I C [
2. I, must not include a state that is labeled with =p, Vs € [, s F p

3. I must be closed under transition relation, post-image(/,) C I holds.

Post-image (Q) ={s'|ds € Q. 1(s,s")}

[f there exists a inductive invariant for V[ ] P,then M E V[ ]p



Model Checking using Interpolants

Can you use interplants to compute inductive invariants?
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Let us consider the above example: Look carefully at the labelling function.

F=vO-(pAgnr.

Reachability analysis — can we reach to state where p A g A r holds initial states?

1. Does initial state is a bad state?
CheckSAT{s, A p,}

(mp, Ag, Ar)AN(p,ANq,AT,) UNSAT — good to go!
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Let us consider the above example: Look carefully at the labelling function.

F=vO-(pAgnr.

Reachability analysis — can we reach to state where p A g A r holds initial states?

k—1 k
Q(s,) A 1(s,, 51) A /\ 1(s;, 8;.1) A \/p(sl-) O=1{s} K=1
=1 i=1

gy A1) A (T AT dy A1) UNSAT

(
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

(TP A TG AT AP A TG AT) ADIAGIAT)  UNSAT

Interpolant := —1p,

IS — {Soa S19S29 S3} ISZ {s|1 € L(s)} Q — Q UIS
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

(TP A TG AT AP A TG AT) ADIAGIAT)  UNSAT

Interpolant := —1p,

IS — {Soa S19S29 S3} ISZ {s|1 € L(s)} Q — Q UIS
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

0=0ul, [EEEMS O = (5 505:5)

[s Q an inductive invariant ?  No! post-image(s,) & QO
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

Q = {5,, 51,5, 53}

k—1 k
O(s,) NT(s,,s1) A /\ 1(s;, 8;.1) A \/ p(s;)
i=1 i=1
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

_ k-1 k
O VoS 5T\ 11005 AT 03 A A\ Tss10) A\ plsi)
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Reachability analysis — can we reach to state where p A g A r holds initial states?

k—1 k
O = VoS50 50 N\ {06s,) A TG, 50} A \TGsiosi) A\ 6D K-
=1 =1

. D, e o - d ) ' G = = g -
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A=[(p,Ag, A1 )AN(py Agi AT)IVI(7p, Ag, A1) APy A—gp Ay

v[(ﬂPOAQO/\_Ira)/\(_'pl/\QI/\FI)]v[(_'po/\QO/\ra)/\(pl/\QI/\rl)]

B=(p ANq Ar)
A A B is SAT.
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Let us consider the above example: Look carefully at the labelling function.

F=VOpAGAD.

Reachability analysis — can we reach to state where p A g A r holds initial states?

k—1 k
= {5 ,85,85,8 _
Q= U0 5152831 \ [ {0(s,) A TG0} A N\ TCsisia) A\ pGs) K=
A B

If A A Bis SAT, checkif Q =1 Q =1, then Return counter-example.
Else, increase k to build trust!
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

k—1 k
Q(s,) A 1(s,, 51) A /\ 1(s;, 8;.1) A \/p(sl-) Q={s} K=2

("Po A g, N\ _'7”0) A ("p1 AN AA 7’1) APy ATgE AT APy A _'42 _"”2) A [(P1 /\41 A ’”1) \% (P2/\42/\ ”2)]
A B UNSAT
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Let us consider the above example: Look carefully at the labelling function.

F=vO-(pAgnr.

Reachability analysis — can we reach to state where p A g A r holds initial states?

UNSAT

LitsITeELs) (0 =QUl _

k—1 k
Q(s,) A 1(s,, 51) A /\ 1(s;, 8;.1) A \/p(sl-) Q={s} K=2

Interpolant := g,

Ig = {S,, 515 545 S5}
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Let us consider the above example: Look carefully at the labelling function.
F=vO-(pAqnn. N

Reachability analysis — can we reach to state where p A g A r holds initial states?

k—1 k
OCs,) AT(s,5) A\ TCsp 5.0 A \/ p(s) 0= {s5,} K=2
=t =l UNSAT
Interpolant := —q, o S
I :{s|I€L(s)) O=QUl Q is inductive invariant!!!

Ig=1{s,,51,54, S5} MEF



Model Checking using Interpolants
General idea:

1. Perform BMC

2. If BMC is UNSAT:

[teratively compute and refine an over-
approximation of states reachable in K steps.

. If interpolant is inductive

Return True.

: else

: use interpolant to over-approximate.

3. If BMC is SAT:

Check if over-approximation is same as
initial states
otherwise increase K.

procedure CraigReachability(model M, p € AP)

if So A —p is SAT return “M = AG p”;
k:=1;
Q = Sp:;
while 7rue do

A = Q(s0) AR(s0,51):

B = /\f:_ 1] R(si,8iv1) A \/le —p(si);

if A A\ Bis SAT then

if O = §; then return “M = AG p”.

Increase k
Q=50
else

compute interpolant /7 for A and B
if / C QO then return “M = AG p”;
O:=0Ul
end if
end while

end procedure



Model Checking using Interpolants

Can you use interplants to compute inductive invariants?
1. Constructs an over-approximation of the reachable states

2. Terminates when it finds an inductive invariant or a counterexample

Actual reachable set: R

Over-approximation (O,): R — O,
1. Proofs on over-approximation holds.

2. Counterexample can be spurious.
Under-

Under-approximation (U): U, — R approximation

1. Proofs on over-approximation can be spurious.
2. Counterexample holds
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I(p.q.r.p"q,r) = (g9 A< (@PVgV-n) A (peo(p®rVI(gAar)).



