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Automated Reasoning: aims to enable systems to identify the
valid reasoning.
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Is the always the case that N How often N satisfies P?  Why N doesn’t satisfy P?
satisfies Property P? .
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[s the always the case that S How often S satisfies P?  Why S doesn’t satisfy P?
satisfies Property P?

To answer these questions: SAT solvers, SMT solvers



Course Outline

* Basic of proportional logic, and constraints encoding

Suduku Graph Coloring Neural Networks

* How does SAT solver works? What makes them fast?
sz IELl B QWS B2 Microsoft cadence

* Applications: will discuss research papers on explainable and verifiable Al,

neuro-symbolic Al, verification and synthesis of automated systems, more like..



Part 1: Basic of proportional logic, and constraints encoding

Today: Basic of proportional logic



All Greeks are human.

All human are mortal.

All Greeks are mortal.
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All Greeks are human. L ran Mortal

All human are mortal.

All Greeks are mortal.

Not all Greeks are human.

Human Human Mortal
Not all human are mortal.

Not all Greeks are mortal. x

Mortal



2000 years ago, Boole came up with the idea of using symbolic variables!

All Greeks are human. Replace: If p then q (p -> Q)
All human are mortal. Greeks by p, If q then r (q ->1)
Human by q,

All Greeks are mortal. Mortal by r If p thenr (p ->1)



Propositional Logic

* Propositional variables: variables which are either True or False. (p,q,r1, .., X, y)
* Abstract the information to represent it in a propositional variable
* Variable p represents “Crazy rich Asians is a good movie”
* If Pis True: “Crazy rich Asians is a good movie” is True sentence.

* If Pis False: “Crazy rich Asians is a good movie” is False sentence.



Propositional Logic

* Propositional variables (p,q,r..)

* Operators:
* Unary (m)

* Binary(V,A,&D,..)

* Punctuations {“(“, “)” }

Example: (pV g V), (=(pVq))

Propositional formula or Boolean Formula



Propositional Logic

* 7 isa function that maps variables of a propositional formula to {o,1}.
F=((pVvgVr)

t:{p—1,g—~0,r— 1}

» How many such 7 can exists ? 2V/iables(F)

o000 ™©
O 0, R~ 00

o 7satisfies formula F if and only if F(7) is 1.

- O, O0O~L, OO

F(zr): (1vOvl)=1

 7issatisfying assignment for F. We use 7 F F to represent.



Propositional Logic

* If there exists a 7 such that 7 F F, we say that F is satisfiable.

F=((pvgvr :{p—1l,g-0,r—1} Fissatisfiable

o If for all 7 in 2V¥ablestt)  F(r) s 1, then F is valid.
Ist'=((pVg Vvr)isvalid? |sF = (pVv-p)isvalid?

» If there does not exists a 7 in 2"4%@lestE) gych that F(7) is 1, then F is unsatisfiable.

IsFF= ((pV qg)V r)is unsatishable? Is - = (p A —p) is unsatisfiable ?



Propositional Logic

 Set of all satisfying assignment of F is called models. models(F) = {t|F(r) = 1}
Models(=F) = 2'4iables \  Models(F)
Models(F v G) = Models(F) U Models(G)

Models(F AN G) = Models(F) N Models(G)

* Equivalent formulas: Two formulas F and G are considered to be equivalent to

each other if and only if they both have same models, that is, if
Models(F) = Models(G), F = G.



Conjunction Normal Form (CNF)

o = (x,v\xz)/\(—lxl V X3)

Clauses Literals : x{, 7xy, X5, 71X, X3, X3

SAT solvers takes

CNF: F=C,ACANCy...ANC
R " CNF formulas as input.

Where Ci — (ll\/lzv \/lk)
where [ = p; [, = —p

Where p is propositional variable



Can every formula F can be represented in CNF form, say F -y z?



Can every formula F can be represented in CNF form, say F-yz?

Yes, every F can be represented in F -y, such that F' = F o p

F=((x;Ax)V(x3Axy)) Canyouconvert Finto Fyz?

Fonp =@ VX)) A VX)) A(X VX)) A (X VX
F=((x; Axy) V(X3 Axy) V(x5 AXxg), Can you convert F into Fpp?
F=0xAy)V...V(x,AYy,),size of equivalent Fpz? 2"

In the worst case, it may take exponential many steps. | Canwe do better?



Equisatisfiable Formulas

« F=(pVa)A(apVpP) G = (aVp)

F and G are Equisatisfiable. F is satisfiable if and only if G is satisfiable.

F=((x; Ax,) V (x5 Axy)) Canyou convert FFinto Fyz?

This is called, Tseytin transformation

=t & (AR A < (VX)) AWV L) (https://en.wikipedia.org/wiki/Tseytin_transformation)

— (_'tl V (.xl A _'XZ)) A (—le V.X2V tl) A (_'tzv (X3 /\X4)) A (_'X3 V _'X4v tz) A (tl V tz)
— (_'tl V.xl) A (_'tl V _'Xz) A\ (_'.xl VX2V tl) A (_'t2VX3) A (_'t2VX4) A (_'X3 V _'.X4v tz) A (tl V tz)
= I cnF

F=0Ay)V...V(x,AYy,),sizeof equivalent F-yz? 2n+n+1

Do we really need double implication if we
are only interested in satisfiability?


https://en.wikipedia.org/wiki/Tseytin_transformation

Every formula F can be represented in CNF form, say F -y in polynomial time

such that F is satisfiable if and only if F-y is satisfiable.
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